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Abstract: Abstract: In this paper, we adopt classical,first-order shear deformation and higher order deformation  theories to calculate non 
dimensional deflection. Two type of loading such as uniformly distributed and static sinusoidal distributed loads are used. The non 
dimensional deflection are calculated at mid plane and at various nodes by using different structural theories. Glass-epoxy laminated 
composite material used for this analysis, because it has good structural properties.In these theories, the material properties of the 
constituent layers are combined to form a hypothetical single layer whose properties are equivalent to-through-thickness integrated sum of 
its constituents. The results of non-dimensional deflection obtained by different theories are compared for different aspect ratio with the 
variation of side to thickness ratio. 
Keywords: Laminate composite plate, Non- dimensional deflection, structural theories 
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——————————      —————————— 

1 INTRODUCTION
omposite laminates are being increasingly used in a 
number of areas including aerospace, automobile, nu-
clear, marine, civil and biomedical engineering. This is 

mainly due to their high stiffness and strength-to-weight ra-
tios and other superior material characteristic such as long 
fatigue life and ability to manipulate fibre orientations to meet 
design requirements. However, composite laminates are at the 
same time significantly weak in shear, which demand special 
attention on the part of designers. Chai et al.  studied one di-
mensional model for the analysis of delamination buckling of 
beam-plate in 1981 [1].  Shivakumar et al. investigated  the 
buckling behavior of thin elliptical delamination using the 
Rayleigh–Ritz and finite element method [2]. F Auricchio et al 
presented 4-node finite element for the analysis of laminated 
composite plates with monoclinic layers[ 3]. D Samaratunga et 
al. presented Wave propagation analysis in laminated com-
posite plates with transverse cracks using the wavelet spectral 
finite element method [4].   A Szekrenyes   proposed semi 
layer wise approach captures the mechanical behavior of de-
laminated composite plates using four equivalent single layers 
independently of the lay-up[5]. P Dey et al developed a model 
for the analysis of laminated composite plates. The element 
was capable of representing high orders of displacement using 
very few degrees of freedom. Performance of the element was 
tested in a wide range of problems which indicate that com-
bining all these features can help to achieve great accuracy at 
reduced computation cost [6].  The aim of this paper is to cal-
culate the non-dimensional deflections at mid plane and at 
various nodes for antisymmetric plate.  The non-dimensional 
are calculated for different loading conditions (viz uniformly 
distributed and static sinusoidal distributed load).  Finally the 
model is implemented by Finite Element Method on a lami-

nated composite plate of any lay-up.   

2 METHODOLOGY 
The equivalent single-layer laminate theories are those in 
which a heterogeneous laminated plate is treated as a stati-
cally equivalent, single layer having a complex constitutive 
behaviour, reducing the 3-D continuum problem to a 2-D 
problem. The ESL theories are developed by assuming the 
form of the displacement field or stress field as a linear combi-
nation of unknown functions and the thickness coordinate:                                                                      
e heat conduction problem in the casting and transient surface  

 
 
 
Where  
φi=ith component of displacement or stress, 
(x, y)=in plane coordinates 
z=the thickness coordinate 
t=time, 
and φi are determined by the principle of virtual displace-

ment (or its dynamics version when time dependency is be 
included):  

 
 

Where 
 
δU = Virtual strain energy, 
δU  = Virtual work done by external applied forces, 
δK = Virtual kinetics  
The simplest ESM laminate theory is the classical laminate 

plate theory (or CLPT), which is an extension of the Kirchhoff 

C
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(classical) plate theory to lamina composite plates. It is based 
on the displacement field.  

2.1 The Classical Laminated Plate Theory: 
Assumptions: 
 (1) Straight lines perpendicular to the mid surfaces (i.e., 

transverse normal) before deformation remain straight after 
deformation. 

(2) The transverse normal do not experienced elongation 
(i.e., they are inextensible).  

(3) The transverse normal rotates such that they remain 
perpendicular to the mid surfaces after deformation.  

This theory is based on the displacement field. It is given as 
follow: 

 
 

 

 

 

 

 

Where (ݑ଴,ݒ଴,ݓ଴) are the displacement components along the 

(x, y, z) coordinate directions respectively, of a point on the 

mid plane (i.e., z = 0).  

2.2 First Order Shear Deformation theory (FSDT): 

The next theory in the hierarchy of ESL laminates theories is 

the first order shear deformation theory (or FSDT), which is 

also based on the displacement field: 

 
Where ∅௫ and ∅௬ denote rotations about the y & x axes respec-

tively.  

2.3 Third-Order Shear Deformation Theory (TSDT):                                                

The third-order plate theory to be developed is based on the 

same assumptions as the classical and first-order plate theo-

ries, except that we relax the assumption on the straightness 

and normality of a transverse normal effect deformation by 

expanding displacement (u,v,w) as cubic functions of the 

thickness coordinate. The thickness of deformations of the 

transverse normal of edge y =0.  

The third-order laminate  with transverse inextensibility is 

based on the displacement field 

 

 

 
The displacement field accommodates quadratic variation of 

transverse shear strain (and hence stresses) and vanishing of 

transverse shear stresses on the top and bottom of a general 

laminate composed of monoclinic layers. Thus there is no need 

to use shear correction factors in a third order theory.  

2.4 Layerwise Theory: 

In contrast to the ESL theories, the layerwise theories are de-

veloped by assuming that the displacement field exhibits only 

-଴-continuity through the laminate thickness. Thus the disܥ

placement components are continuous through the laminate 

thickness but the derivatives of the displacements with respect 

to the thickness coordinate may be discontinuous at various 

points through the thickness, thereby allowing for the possibil-

ity of continuous transverse stresses at interfaces separating 

dissimilar materials. Layerwise displacement field provide a 

much more kinematically correct representation of the moder-

ate to severe cross-sectional warping associated with the de-

formation of thick laminates. 

The displacement-based layerwise theories can be subdivided 

into two classes: 

(1). The partial layerwise theories that use layerwise ex-

pansions for the in–plane displacement components 

but not the transverse displacement component. 

(2). Full layerwise theories that use layerwise expansions 

for all three displacement components 

The total displacement field of the laminate can be written as 

,ݔ)ݑ ,ݕ (ݖ = 	෍ܷூ(ݔ, (ݕ
ே

ூୀଵ

∙ ߮ூ(ݖ) 
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,ݔ)ݒ ,ݕ (ݖ = 	෍ܸூ(ݔ, (ݕ
ே

ூୀଵ

∙ ߮ூ(ݖ) 

 
Where (ܷூ ,ܸூ ,ܹூ) denote the nodal values of (u, v, w) , ௘ܰ is 

the number of nodes and ߮ூ are the global interpolation func-

tions for the discretization of the in-plane displacements 

through thickness, and M is the number of nodes and ߰ூ are 

the global interpolation functions for discretization of the 

transverse displacement through thickness.  For linear and 

quadratic variation through each numerical layer these func-

tion are given below. 

Where N = number of layers through the thickness 

Linear functions      ( ௘ܰ = ܰ + 1) 

߮ଵ(ݖ) = 	 ଵ߰
(ଵ)(ݖ)																		ݖଵ ≤ ݖ ≤  ଶݖ

߮ூ(ݖ) = 	 ቊ
߰ଶ

(ூିଵ)(ݖ)								ݖூିଵ ≤ ݖ ≤ ூݖ
߰ଶ

(ூିଵ)(ݖ)								ݖଵ ≤ ݖ ≤ ூାଵݖ
ܫ)							

= 2, 3 … …ܰ− 1)߮ே(ݖ)

= 	 ଵ߰
(ே)(ݖ)																		ݖேିଵ ≤ ݖ ≤  ேݖ

ଵ߰
(௞) = 1 − ௭̅

௛ೖ    
߰ଶ

(௞) = ௭̅
௛ೖ           

0 ≤ ̅ݖ ≤ ℎ௞ 
Quadratic functions    ( ௘ܰ = 2ܰ + 1) 

߮ଵ(ݖ) = 	 ଵ߰
(ଵ)(ݖ)																		ݖଵ ≤ ݖ ≤  ଷݖ

߮ଶூ(ݖ) = 	 ଵ߰
(ூ)(ݖ)																		ݖଶூିଵ ≤ ݖ ≤  ଶூାଵݖ

                                      

߮ଶூାଵ(ݖ) = 	 ቊ
߰ଷ

(ூ)(ݖ)								ݖଶூିଵ ≤ ݖ ≤ ூݖ
ଵ߰
(ூାଵ)(ݖ)								ݖଶூାଵ ≤ ݖ ≤ ଶூାଷݖ

ܫ)		 = 	2, 3 … …ܰ −

1)      

                                           ߮ே(ݖ) = 	߰ଷ
(ே)(ݖ)																		ݖேିଵ ≤ ݖ ≤

 ேݖ

       ଵ߰
(௞) = ቀ1− ௭̅

௛ೖ
ቁ ቀ1− ଶ௭

௛ೖ
ቁ             ߰ଶ

(௞) = 4 ௭
௛ೖ
ቀ1− ௭

௛ೖ
ቁ     

ଶ௞ିଵݖ                            ≤ ݖ ≤     ଶ௞ାଵݖ

Where ℎ௞ is the thickness of the k-th layer, ̅ݖ = ݖ − -௧௞ deݖ , ௧௞ݖ

notes the z-coordinate of the top of the k-th numerical.  Inde-

pendent approximations for the in-plane and transverse dis-

placements are assumed in order to include the possibility of 

inextensibility of transverse normal.  The inextensibility of 

transverse normal can be included by setting M =1 and ߰ூ =

1for all z. 

Stacking Sequence 

A laminate is a collection of laminae stacked to achieve the 

desired stiffness and thickness. The sequence of various orien-

tation of a fiber reinforced composite layer in a laminate is 

termed the lamination scheme or stacking sequence. In our 

problem we have assumed four and eight layers laminate with 

symmetric lamination scheme. 

 

 

 
 

 

 

 

 

 

 

 

Fig.1: Stacking sequence 

3  RESULTS AND DISCUSSION 
The  model developed herein was run for a laminate plate.  

The properties of assumed material of laminated plate are in 

table.  

Table 1: Material property 

 

 

 

 

 

(a). Geometry    

 

 

The non-dimensional transverse deflection are given by  

ഥݓ		 = ,ݔ)଴ݓ	 ቆ(ݕ
ଶℎଷܧ

ܽସݍ଴
ቇ 
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Fig. 2: Comparison of maximum non-dimensional deflection sub-
jected to sinusoidal distributed load for the eight layers anti-

symmetric laminates with different aspect ratio: (a). Less than uni(b). 
Equal than unity(c). Greater than unity   

 

                     
Fig 3: Comparison of maximum non-dimensional subjected to un-
iformly distributed load deflection for the eight layers symmetric 

laminates with different aspect ratio:  
(a). Less than unity   (b). Equal than unity   (c). Greater than unity 

Anti-symmetric cross-ply laminate subjected to sinusoidal 

distributed load 

Figure 2 show the plots of maximum non-dimensional deflec-

tion (ݓഥ) versus side to thickness ratio for anti-symmetric 

cross-ply with orientation (0°/90°/0°/90°) laminates subjected 

to sinusoidal distributed load for different aspect ratio.  In this 

case, the plots of maximum non-dimensional deflection are 

also curvilinear for the LWT, TSDT and FSDT theory, and the 

plot of CLPT is a straight line as in the case of symmetric 

cross-ply laminated plate 

   The same analysis has been carried out for the eight 

layers anti-symmetric cross-ply with orientation (0°/90°/0°/

90°	/0°/90°/0°/90°) laminate subjected to sinusoidal distrib-

uted load. The plots of  2D  non-dimensional deflection are 

also in same nature (as shown in fig. 3) as the four layers anti-

symmetric cross-ply laminate but the results of non-

dimensional deflection are less than the previous case. 

 
Fig: 4: Comparison of maximum non-dimensional subjected to un-
iformly distributed load deflection for the four layers anti-symmetric 

laminates with different aspect ratio:  
(a). Less than unity     (b). Equal than unity (c). Greater than unity 
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Fig 5: Comparison of maximum non-dimensional subjected to un-

iformly distributed load deflection for the eight layers symmetric 
laminates with different aspect ratio:  
(a). Less than unity       (b). Equal than unity      (c). Greater than unity 

Anti-symmetric cross-ply laminate subjected to uniformly 

distributed load 

A rectangular cross-ply laminated plate subjected to uniformly 

distributed load is considered for different aspect ratio vary-

ing from 0.5 to 1.5 in this example.  The stacking sequences 

and the boundary conditions are identical as taken in previous 

cases. The analysis is made for four layers and eight layers 

anti-symmetric cross-ply laminated plate taking side to thick-

ness ratio from 4 to 100. Fig 4 and 5 show the 2D plots of 

maximum non-dimensional deflection versus side to thickness 

ratio by using given theories for different aspect ratio.  The 

results obtained are in good agreement to each other. The non-

dimensional deflection is greater for uniformly distributed 

load as compared to sinusoidal distributed load for both four 

layers and eight layers.  

4 CONCLUSION  
This    study   considers    the    non-dimensional deflection    

response of    laminated   composite rectangular    plates with   

simply supported   boundary   conditions. From the   present   

analytical   study, it   was   noted    that   different side   to    

thickness   ratio   affected    the   non-dimensional deflection. 

The   non-dimensional deflection decreases as side   to    thick-

ness   ratio increases.  As the aspect ratio increases, the   non-

dimensional deflection of the plate decreases. When the aspect 

ratio changed from less than unity to greater than unity, the 

variation in the non-dimensional deflection is very large. It 

was seen that the different stacking sequence affected the non-

dimensional deflection.  When the stacking sequence changes 

from symmetric to anti-symmetric, the   non-dimensional de-

flection decreases. The   non-dimensional deflection due to the 

uniformly distributed load is found to be greater than sinusoi-

dal distributed load. 
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